This paper studies homeomorphisms of the closed annulus that are isotopic to the identity from the viewpoint of rotation theory, using a newly developed forcing theory for surface homeomorphisms. Our first result is a solution to the so called strong form of Boyland's Conjecture on the closed annulus: Assume f is a homeomorphism of A := (R/Z) × [0, 1] which is isotopic to the identity and preserves a Borel probability measure µ with full support. We prove that if the rotation set of f is a nontrivial segment, then the rotation number of the measure µ cannot be an endpoint of this segment. We also study the case of homeomorphisms such that A = (R/Z) × (0, 1) is a region of instability of f . We show that, if the rotation numbers of the restriction of f to the boundary components lies in the interior of the rotation set of f , then f has uniformly bounded deviations from its rotation set. Finally, by combining this last result and recent work on realization of rotation vectors for annular continua, we obtain that if f is any area-preserving homeomorphism of A isotopic to the identity, then for every real number ρ in the rotation set of f , there exists an associated Aubry-Mather set, that is, a compact f -invariant set such that every point in this set has a rotation number equal to ρ. This extends a result by P. Le Calvez previously known only for diffeomorphisms. arXiv:1909.09881v1 [math.DS] 
Introduction
This article studies homeomorphisms of the closed annulus that preserve the orientation and the boundary components, by the point of view of rotation theory. We denote by T 1 = R/Z the circle, by A = T 1 × [0, 1] the closed annulus and by A = R × [0, 1] its universal covering. Let π : A → A the corresponding covering map, and p 1 : A → R the projection on the first coordinate. Let f : A → A be a homeomorphism which preserves both orientation and boundary components and let f be a lift of f to the universal covering. Inspired by the concept of Poincaré's rotation number for orientation-preserving homeomorphisms of the circle, one can define a similar object for f , called the rotation set of f , as follows: let µ be an f -invariant Borel probability measure on A. We can define for all x ∈ R and all n ∈ N, | h n ( x)− x−nα| ≤ L (and in this case L can be taken as 1). A natural question is then to ask if some aspects of this property extend to similar situations for homeomorphisms of surfaces. For instance, one could pose the problem: Consider a homeomorphism f of T 2 in the isotopy class of the identity and say that f has uniformly bounded deviations from its rotation set if, given f a lift of f to R 2 , the universal covering of T 2 , there a constant L > 0 such that, for all z ∈ R 2 and all n ∈ N, if d is the distance between a point and a set of R 2 , then d( f n ( z) − z, n Rot( f )) ≤ L. On then asks if it always holds that f has uniformly bounded deviations. This question is false in general, particularly when the rotation set of f is a singleton (see for instance [KK09, KT14a] ), but it does hold in many situations, particularly when Rot( f ) has nonempty interior (see [Dav13,  Dav16, AZ15, GKT14, KT14b, LCT18a]), and similar results also are valid for homeomorphisms of T 2 isotopic to Dehn Twists (see [AZGT14] ). Furthermore, bounded deviations have also shown to have relevant dynamical consequences, for instance it was used in the proof of Boyland's Conjecture on T 2 in [AZ15, LCT18a] . In some particular cases it can also imply that the dynamics factors over ergodic rotations of T 2 (see [Jäg09] ) or T 1 (see [JT16] ).
Our second theorem deals with bounded deviations from rotation sets for homeomorphisms of A in the following relevant scenario. We will say that A = T 1 × (0, 1) is a Birkhoff region of instability for a homeomorphism f of A if for any neighborhood U of T 1 × {0} and any neighborhood V of T 1 × {1} one can find points x ∈ U, y ∈ V and positive integers n 1 , n 2 such that f n1 (x) ∈ V and f n2 (y) ∈ U .
Theorem B. Let f be a homeomorphism of the closed annulus A = T 1 × [0, 1] which is isotopic to the identity. Suppose that A = T 1 ×(0, 1) is a Birkhoff region of instability for f . Let f be a lift of f to R×[0, 1]. Suppose that Rot( f ) = [α, β] and that both boundary component rotation numbers are strictly larger than α. Then there exists a real constant L > 0 such that for every z ∈ R × [0, 1] and every integer n ≥ 1 we have p 1 ( f n ( z)) − p 1 ( z) − nα ≥ −L.
Likewise, if we assume that both boundary component rotation numbers are strictly smaller than β, then there exists a real constant L > 0 such that for every z ∈ R × [0, 1] and every integer n ≥ 1 we have
Interestingly, this is to our knowledge the first positive result on bounded deviations for homeomorphisms of A. Note that both the hypotheses that the rotation numbers of the boundary components of A lie in the interior of the rotation set and that A is a region of instability of Birkhoff cannot be removed. One can easily create examples of homeomorphisms of A that do not present bounded deviation when A is not a Birkhoff region of instability, and we present in Section 5, the following example. Proposition 1.1. There exists a homeomorphism f of the closed annulus A which is isotopic to the identity, such that A is a Birkhoff region of instability for f and such that f has a lift f to R × [0, 1] satisfying:
(i) Rot( f ) = [0, 1], and (ii) for every real number L > 0 there exists a point z in R × [0, 1] and an integer n such that p 1 ( f n ( z)) − p 1 ( z) < −L
The third topic we deal in this paper is of the strong realization of rotation numbers. We say that a point z ∈ A has rotation number equal to ρ if, for any z ∈ π −1 (z), one has lim n→∞ p 1 ( f n ( z) − z)/n = ρ, and we note that if the limit exists, it is independent of which z one chooses in π −1 (z). We say that a number ρ ∈ Rot( f ) is realized by an ergodic measure if there exists some finvariant ergodic measure ν such that Rot( f , ν) = ρ. Finally, one says that ρ is realized by a compact invariant set if there exists a compact invariant set Q such that all point in Q have rotation number equal to ρ. There is a natural hierarchy of realization. Any ρ that is realized by a compact set is also realized by an ergodic measure, any ρ that is realized by an ergodic measure is also the rotation number of some point, and the rotation number of points are clearly contained in Rot( f ). Note that, if f is an area-preserving twist map of the open annulus, then a ground-breaking result by Mather (see [Mat82] ) shows that every point ρ in the rotation set of f is realized by a compact set, the so called Aubry-Mather set of ρ. A natural question is then to decide which points in the rotation set of f were realized by compact subsets.
This turned out to be a difficult problem to tackle. An important result by Handel (see [Han90] ) showed that the set of points that are realized by ergodic measures is a closed subset of Rot( f ) and he further showed that, except for a possible discrete subset, all were also realized by compact invariant sets. Franks (see [Fra88] ) showed that, if f preserves a measure of full support, then every rational number in Rot( f ) is realized by a periodic orbit and Le Calvez ([LC04] ) showed that, if f is an area-preserving diffeomorphism, then every point in the rotation set is realized by a compact invariant subset. The general question on whether a point in the rotation set of f is always realized by a compact invariant set remains open.
Our third theorem, that relies on Theorem B, shows that the answer to this problem is true for regions of instability of Mather. We will say that A = T 1 × (0, 1) is a Mather region of instability for a homeomorphism f of A if there exists points z 1 , z 2 in A such that the α-limit set of z 1 is contained in T 1 × {0} and while the ω-limit set of z 1 is contained in T 1 × {1} and such that the α-limit set of z 2 is contained in T 1 × {1} and while the ω-limit set of z 2 is contained in T 1 × {0}.
Theorem C. Let f be a homeomorphism of the closed annulus A = T 1 × [0, 1] which is isotopic to the identity. Suppose that A = T 1 ×(0, 1) is a Mather region of instability for f . Let f be a lift of f to R × [0, 1]. For every ρ in Rot( f ) there exists a compact invariant set Q ρ such that for every point of Q ρ has a rotation number well-defined and it is equal to ρ. Moreover, if ρ = p/q is a rational number, written in an irreducible way, then Q ρ is the orbit of a period point of period q.
Finally, by combining Theorem C and results from Koropecki (see [Kor16] ), Franks and Le Calvez (see [FLC03] ) and Koropecki, Le Calvez and Nassiri (see [KLCN15] ), we are able to deduce the following extension of the above mentioned result by Le Calvez, by improving the smoothness requirements.
Theorem D. Let f be an area-preserving homeomorphism of the closed annulus A = T 1 × [0, 1] which is isotopic to the identity. Letf be a lift of f to R × [0, 1]. For every ρ in Rot(f ) there exists a compact f -invariant set Q ρ such that for every point of Q ρ has a rotation number well-defined and it is equal to ρ.
The paper draws heavily from Le Calvez's Brouwer Equivariant Theory and also from a forcing theory for surface homeomorphisms recently developed by Le Calvez and the second author. These results are predicated on the study of maximal isotopies, Brouwer-Le Calvez transverse foliations and transverse paths to these foliations, concepts that are better described in Section 2. It is the use of this new tool, coupled with a careful analysis of possible transverse paths of maps of the annulus and classical ergodic theory lemmas that allows us to deduce the main results. As stated before, in Section 2 we introduce the basic lemmas and results from the above mentioned forcing theory, as well as detail the concept of rotation set for annular homeomorphisms. Section 3 is devoted to showing Theorem A. Section 4 includes the proof of Theorem B and Section 5 provides an example displaying how tight are the hypotheses of Theorem B. Section 6 contains the proofs of Theorem C and Theorem D.
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Preliminary results
In this section, we state different results and definitions that will be useful in the rest of the article. The main tool will be the "forcing theory" introduced recently by Le Calvez and the second author (see [LCT18a] for more details) and further developed in [LCT18b]. This theory will be expressed in terms of maximal isotopies, transverse foliations and transverse trajectories.
Transverse paths to surface foliations
Let M be an oriented surface. An oriented singular foliation F on M is a closed set Sing(F), called the set of singularities of F, together with an oriented foliation F on the complement of Sing(F), called the domain of F denoted by dom(F), i.e. F is a partition of dom(F) into connected oriented 1-manifolds (circles or lines) called leaves of F, such that for every z in dom(F) there exist an open neighborhood W of z, called trivializing neighborhood and an orientationpreserving homeomorphism called trivialization chart at z, h : W → (0, 1) 2 that sends the restricted foliation F| W onto the vertical foliation oriented downward. If the singular set of F is empty, we say that the foliation F is non singular. For every z ∈ dom(F) we write φ z for the leaf of F that contains z, φ + z for the positive half-leaf and φ − z for the negative one. A path on M is a continuous map γ : J → M defined on an interval J of R.
In absence of ambiguity its image also will be called a path and denoted by γ. A path γ : J → dom(F) is positively transverse 1 to F if for every t 0 ∈ J there exists a trivialization chart h at γ(t 0 ) such that the application t → π 1 (h(γ(t))), where π 1 : (0, 1) 2 → (0, 1) is the projection on the first coordinate, is increasing in a neighborhood of t 0 . We note that if M is a covering space of M and π : M → M the covering projection, then F can be naturally lifted to a singular foliation F of M such that dom( F) = π −1 (dom(F)). We will denote dom(F) the universal covering space of dom(F) and F the foliation lifted from F| dom(F ) . We note that F is a non singular foliation of dom(F). Moreover if γ : J → dom(F) is positively transverse to F, every lift γ : J → dom( F) of γ is positively transverse to F. In particular every lift γ : J → dom(F) of γ to the universal covering space dom(F) of dom(F) is positively transverse to the lifted non singular foliation F.
Transverse paths intersecting F-transversally
A line on M is an injective and proper path λ : J → M , that is, the interval J is open and the pre-image of every compact subset of M is compact. It inherits a natural orientation induced by the usual orientation of R. Let λ be a line of the plane R 2 . The complement of λ has two connected component, R(λ) which is on the right of λ and L(λ) which is on its left. We will say that a line λ separates X from Y , if X and Y belong to different connected components of the complement of λ. Let us consider three pairwise disjoint lines λ 0 , λ 1 and λ 2 in R 2 . We say that λ 2 is above λ 1 relative to λ 0 (and λ 1 is below λ 2 relative to λ 0 ) if none of the lines separates the two others; and if γ 1 and γ 2 are two disjoint paths that join z 1 = λ 0 (t 1 ), z 2 = λ 0 (t 2 ) to z 1 ∈ λ 1 , z 2 ∈ λ 2 respectively, and that do not meet the three lines but at the ends, then t 2 > t 1 . This notion does not depend on the orientation of λ 1 and λ 2 but depends of the orientation of λ 0 (see Figure 1 ). 2 2 z' 1 z' 2 z 1 = 0 (t 1 ) z 2 = 0 (t 2 )
Let suppose that F is an oriented singular foliation on an oriented surface M . Let γ 1 : J 1 → dom(F) and γ 2 : J 2 → dom(F) be two transverse paths. Suppose that there exist t 1 ∈ J 1 and t 2 ∈ J 2 such that γ 1 (t 1 ) = γ 2 (t 2 ). We say that γ 1 intersects γ 2 F-transversally and positively at γ 1 (t 1 ) = γ 2 (t 2 ), if there exist a 1 , b 1 in J 1 satisfying a 1 < t 1 < b 1 , and a 2 , b 2 in J 2 satisfying a 2 < t 2 < b 2 such that if γ 1 : J 1 → dom(F) and γ 2 : J 2 → dom(F) are lifts of γ 1 and γ 2 respectively, satisfying γ 1 (t 1 ) = γ 2 (t 2 ) then • φ γ2(a2) is below φ γ1(a1) relative to φ γ1(t1) ; and
See Figure 2 . In this situation we also say that γ 2 intersects γ 1 F-transversally and negatively at γ 1 (t 1 ) = γ 2 (t 2 ), and that γ 1 and γ 2 have a F-transversal intersection at γ 1 (t 1 ) = γ 2 (t 2 ).
If γ 1 = γ 2 , we will that γ 1 has a F-self intersection. This means that if γ 1 is a lift of γ to the universal covering of dom(F), then there exists a covering automorphism T such that γ 1 and T ( γ 1 ) have a F-transverse intersection at γ 1 (t 1 ) = T ( γ 1 (t 2 )).
Maximal isotopies, transverse foliations, admissible paths

Isotopies, maximal isotopies
Let M be an oriented surface. Let f be a homeomorphism of M . An identity isotopy of f is a path that joins the identity to f in the space of homeomor-
The paths γ 1 and γ 2 intersect F-transversally and positively at γ 1 (t 1 ) = γ 2 (t 2 ).
phisms, furnished with the C 0 -topology. We will say that f is isotopic to the identity if the set of identity isotopies of f is not empty. Let I = (f t ) t∈[0,1] be an identity isotopy of f . Given z ∈ M we can define the trajectory of z as the path I(z) : t → f t (z). For every integer n ≥ 1 we define I n (z) = 0≤k<n I(f k (z)) by concatenation. Futhermore, we define
The last path will be called the whole trajectory of z. One can define the fixed point of I as Fix(I) = ∩ t∈[0,1] Fix(f t ), which is the set of point with trivial whole trajectory. The complement of Fix(I) will called the domain of I, and it will be denoted by dom(I).
In general, let us say that an identity isotopy of f is a maximal isotopy, if there is no fixed point of f whose trajectory is contractible relative to the fixed point set of I. A very recent result of F. Béguin, S. Crovisier and F. Le Roux (see [BCLR19] ) asserts that such an isotopy always exists if f is isotopic to the identity (a slightly weaker result was previously proved by O. Jaulent (see [Jau14] ).
Theorem 2.1 ([Jau14], [BCLR19] ). Let M be an oriented surface. Let f be a homeomorphism of M which is isotopic to the identity and let I be an identity isotopy of f . Then there exists an identity isotopy I of f such that:
(ii) I is homotopic to I relative of Fix(I );
(iii) there is no point z ∈ Fix(f ) \ Fix(I) whose trajectory I(z) is homotopic to zero in M \ Fix(I).
We will say that an identity isotopy I satisfying the conclusion of Theorem 2.1 is a maximal isotopy. We note that the last condition of the above theorem can be stated in the following equivalent form:
is the identity isotopy that lifts I| M \Fix(I) to the universal covering space of M \ Fix(I), then f 1 is fixed point free.
Transversal foliations
Let us recall the equivariant foliation version of the Plane Translation Theorem due to P. Le Calvez (see [LC05] ).
Theorem 2.2 ([LC05]). Let M be an oriented surface. Let f be a homeomorphism of M which is isotopic to the identity and let I be a maximal identity isotopy of f . Then there exists an oriented singular foliation F with dom(F) = dom(I), such that for every z ∈ dom(I) the trajectory I(z) is homotopic, relative to the endpoints, to a positively transverse path to F and this path is unique defined up to equivalence.
We will say that a foliation F satisfying the conclusion of Theorem 2.2 is transverse to I. Observe that if M is a covering space of M and π : M → M the covering projection, a foliation F transverse to a maximal identity isotopy I lifts to a foliation F transverse to the lifted isotopy I. In particular, the foliation F on dom(F) is non singular which is transverse to the isotopy I. This last property is equivalent to saying that every leaf φ of F is a Brouwer line of f , that is f ( φ) ⊂ L( φ) and f −1 ( φ) ⊂ R( φ), where L( φ) and R( φ) are the left and right connected components of the complement of φ, defined so that they are compatible with the orientation of the line.
Given z ∈ M we will write I 1 F (z) for the class of paths that are positively transverse to F, that join z to f (z) and that are homotopic in dom(F) to I(z), relative to the endpoints. We will also use the notation I 1 F (z) for every path in this class and we will called it the transverse trajectory of z. More generally, for every integer n ≥ 1 we can define I n F (z) = 0≤k<n I 1 F (f k (z)) by concatenation, that is either a transverse path passing through the points z, f (z), · · · , f n (z), or a set of such paths. Futhermore, we define
The last path will be called the whole transverse trajectory of z.
Let us state the following result that will be useful later.
Lemma 2.3 ([LCT18a]
). Fix z ∈ dom(I), an integer n ≥ 1, and parameterize I n F (z) by [0, 1]. For every 0 < a < b < 1, there exists a neighborhood V of z such that for every z in V , the path I n F (z)| [a,b] is equivalent to a subpath of I n F (z ). Moreover, there exists a neighborhood W of z such that for every z and z in W , the path I n F (z ) is equivalent to a subpath of I n+2 F (f −1 (z )).
Admissible paths
We will say that a transverse path γ : [a, b] → dom(I) is admissible of order n (n ≥ 1 is an integer) if it is equivalent to a path I n F (z), z in dom(I). It means that if γ : [a, b] → dom(I) is a lift of γ, there exists a point z in dom(I) such that z ∈ φ γ(a) and f n ( z) ∈ φ γ(b) , or equivalently, that
The fundamental proposition (Proposition 20 from [LCT18a] ) is a result about maximal isotopies and transverse foliations that permits us to construct new admissible paths from a pair of admissible paths.
Proposition 2.4 ([LCT18a]). Suppose that γ 1 : [a 1 , b 1 ] → M and γ 2 : [a 2 , b 2 ] → M are two transverse paths that intersect F-transversally at γ 1 (t 1 ) = γ 2 (t 2 ). If γ 1 is admissible of order n 1 and γ 2 is admissible of order n 2 , then the paths b1] are admissible of order n 1 + n 2 .
One deduces immediately the following result.
be a family of r ≥ 2 transverse paths. We suppose that for every i ∈ {1, · · · , r} there exist
(ii) one has s 1 = a 1 < t 1 < b 1 , a r < s r < t r = b r and a i < s i < t i < b i if 1 < i < r;
(iii) γ i is admissible of order n i .
Then 1≤i≤r γ i | [si,ti] is admissible of order 1≤i≤r n i .
The following result is a consequence of Proposition 23 from [LCT18a] . 
Forcing theory results
The presence of topological horseshoes have been a paradigmatic feature of dynamical systems, and its prevalence as a phenomena is well-known. In the article [LCT18b], which is a natural continuation of the article [LCT18a] , the authors develop a new criteria for the existence of topological horseshoes for surface homeomorphisms in the isotopy class of the identity based on the notions of maximal isotopies, transverse trajectories and traverse trajectories. The fundamental results of [LCT18b] is that the existence of an admissible path with a F-self-intersection implies the existence of a horseshoe. Moreover, into of the proof of the main theorem from [LCT18b], one obtains the following results on the existence of elements of the rotation set or of compact sets with prescribed rotation numbers. In our setting, let consider f a homeomorphism of the closed annulus A := T 1 × [0, 1] which is isotopic to the identity. Let A := R × [0, 1] be the universal covering of A and let f be a lift of f to A. Let I be an identity isotopy of f , such that its lift to A is an identity isotopy of f . Let I be a maximal identity isotopy of f larger than I and let F be a singular foliation transverse to I. Let F be the lift of F to A. The following result is a direct consequences of Theorem M of [LCT18b].
Proposition 2.7. Suppose that there exists an admissible transverse path γ : [a, b] → A of order q ≥ 1 and an integer p ∈ Z such that γ and γ + (p, 0) intersect F-transversally at φ γ(t) = φ ( γ+(p,0))(s) , with a < s < t < b. Then for any 0 < θ ≤ p/q, there exists a nonempty compact subset Q θ of A such that, for each z ∈ Q θ , one has that Rot( f , z) = θ.
Rotation set of annular homeomorphisms
Rotation set
We will denote by T 1 := R/Z the circle and by A := T 1 × [0, 1] the closed annulus. We endow the annulus A with its usual topology and orientation. Let π : A = R × [0, 1] → A be the universal covering map of A defined by π(x, y) = (x + Z, y). Let f be a homeomorphism of A that is isotopic to the identity (that is f preserves the orientation and the boundary components) and let f be a lift of f to A, i.e (f • π = π • f ). We can define the displacement function ρ 1 : A → R as
where p 1 : A → R is the projection on the first coordinate and (x, y) ∈ π −1 (x + Z, y). Let X ⊂ A be a compact f -invariant set. We will denote by M f (A, X) the set of all f -invariant Borel probability measures supported in X. If µ is in M f (A, X), we define its rotation number as
Then we define the rotation set of f in X as
Remark 1. For every p ∈ Z and every q ∈ Z, the map f q + (p, 0) is a lift of f q and we have Rot( f q + (p, 0), X) = q Rot( f , X) + p.
For every measure µ in M f (A, X), by the Ergodic Decomposition Theorem, there is a unique Borel probability measure τ on M f (A, X) supported in M e f (A, X) (the set of all ergodic measure in M f (A, X)) such that for every continuous function ϕ :
Hence if Rot( f , µ) is an endpoint of Rot( f , X), then τ almost all ergodic measures ν that appear in the ergodic decomposition of µ have a well defined rotation number, which is equal to Rot( f , µ). Moreover, if ν in M f (A, X) is ergodic, then by Birkhoff Ergodic Theorem ν-almost every point z has a rotation number well-defined and it is equal to the rotation number of ν, i.e. for a liftẑ of z the limit of the sequence (p 1 ( f n ( z)) − p 1 ( z))/n n∈N exists which will be denoted
by Rot( f , z), and we have
If X = A, we denoted the rotation set of f by Rot( f ) instead Rot( f , A). We have the following theorem, which can be deduced from [Fra88] . 
Dynamics near a boundary component with positive rotation number
We recall the local dynamics of a homeomorphism of the close annulus near to a boundary component of A with positive rotation number. Let us consider a homeomorphism f of the closed annulus which is isopotic to the identity. Let f be a lift of f to R × [0, 1]. We will suppose that the rotation number of the lower boundary component of A,
where x ∈ R, is positive. Therefore f | R×{0} has no fixed point, and so we can
We deduce the next result.
Lemma 2.9. There exists a real number δ > 0 such that for every
We deduce the following result.
Corollary 2.10. For every real number M > 0, there exist a real number δ > 0 and an integer n ≥ 1 such that for everyẑ ∈ R × [0, δ] we have
Dynamics of an oriented foliation in a neighborhood of an isolated singularity
In this subsection, we consider an oriented singular foliation F on an oriented surface M which has an isolated singulary z 0 . A sink (resp. a source) of F is an isolated singularity point z 0 of F such that there is a homeomorphism h from a neighborhood U of z 0 to the open unit disk D of R 2 which sends z 0 to 0 ∈ D and sends the restricted foliation F| U \{z0} to the radial foliation on D \ {0} with the leaves towards (resp. backwards) to 0. We recall that for every z ∈ dom(F) we will write φ z for the leaf of F that contains z, φ + z for the positive half-leaf and φ − z for the negative one. We can define the α-limit and ω-limit sets of each leaf φ of F as follows:
We will use the following result due to Le Roux that describes the dynamics of an oriented singular foliation F near an isolated singularity (see [LR13] ). For our purpose we state a simplified version of him result.
Proposition 2.11 ([LR13]). Let F be an oriented singular foliation on an oriented surface M . Let z 0 be an isolated singularity of F. Then at least one of the following cases holds:
(1) every neighborhood of z 0 contains a closed leaf of F;
(2) there exist a leaf of F whose α-limit set is reduced to z 0 and a leaf of F whose ω-limit set is reduced to z 0 ; or
(3) z 0 is either a sink or a source of F.
We will use also the following result due to Le Calvez. He proved that, in this case, F is also locally transverse to I at z 0 (see [LC08] ), that is, for every neighborhood V z0 of z 0 there exists a neighborhood W z0 of z 0 contained in V z0 such that for every z ∈ W z0 , z = z 0 , its transverse trajectory
Let z 0 be a point in an oriented surface M and let f be a homeomorphism of M which fixes x 0 . An local identity isotopy of f is a path that joins the identity to f in the space of homeomorphisms of M fixing z 0 , furnished with the C 0 -topology.
Proposition 2.12 ([LC08]). Let I be a local identity isotopy of a homeomorphism of an oriented surface M . Suppose that F is an oriented singular on M which is transverse to I. If M \ {z 0 } is not a topological sphere, then F is also locally transverse to I at z 0 .
Periodic disks for area-preserving homeomorphisms of A
In this subsection, let f : A → A be an area-preserving homeomorphism, and letf be a lift of f to the universal covering space. A set O ⊂ A is a topological disk if it is homeomorphic to an open disk of R 2 . We need the following result which can be deduced from Theorem 4 of [KLCT19] .
Lemma 2.13. Let g : R 2 → R 2 be a homeomorphism and let z ∈ R 2 be such that, for every neighborhood U of z, there exists three disjoint and invariant
As a consequence we obtain.
Proof. Note that, since O is a topological disk, the sets O i = O + (i, 0), with i ∈ Z are all disjoint, and since O is unbounded one may find a sequence of points ( z i ) i∈Z of points in O i that accumulates on a point x. Note that each O i is invariant by g = f q − (p, 0). Furthermore, since each O i projects to a topological disk and is invariant by g, the dynamics of g restricted to each O i is conjugated to the dynamics of f q restricted to O. Since f q is area-preserving, it has no wandering points and therefore g has no wandering points in each O i . The result follows from the previous lemma.
Essential sets on the annulus, prime ends and realization of rotation vectors in continua
We say that an open subset O of A = T 1 × (0, 1) is essential if it contains a simple closed curve which is not homotopic to a point.
If O is open, connected and essential, then the filling of O, that is the union of O and all the compact connected components of its complement, is a topological open annulus homeomorphic to A. We say that K ⊂ A is an essential continuum if it is a continuum (i.e. connected and compact) which separates the two ends of A. Likewise, if K ⊂ A = T 1 × [0, 1], then we say that K is an essential continuum if it is contained in A and is an essential continuum for A. If K ⊂ A, we denote by U + = U + (K) and U − = U − (K) be the components of A \ K containing T 1 × {1} and T 1 × {0} respectively.
Prime ends rotation numbers
We start recalling a very brief description of prime ends rotation numbers (for a more complete description see [KLCN15] ). Let f be a homeomorphism of A, and let K be an essential f -invariant continuum. Collapsing the lower and upper boundary components of A to points S and N , respectively, we obtains a topological 2-dimensional sphere and the dynamics induced by f fixes these two points. We consider U + and U − as defined above. The sets U *
It is known that one may define a prime end compactification U * + (respectively U * − ) of U * + (resp. U * − ) which, as a set, is the disjoint union of U * + (resp. U * − ) with a topological circle, called the circle of prime ends. This compactification can be endowed with a suitable topology making it homeomorphic to the closed unit disk D of the plane. Furthermore, and more relevantly, this compactification is such that the restriction of f to U + (resp U − ) extends in a unique way to a homeomorphism of U * + (resp. U * − ). Lifting the inclusion U + → U * + \ {N } to the universal covering, we obtain a map π + : π −1 (U + ) → H + := {(x, y) ∈ R 2 : y > 0} and a homeomorphism f + :
The upper (respectively lower ) prime end rotation number of K associated to f is defined as
we call this number the prime end rotation number of K. We note that for every integers p, q, the map f q + (p, 0) is a lift of f q and we have
If f is a homeomorphism of A and if O ⊂ A is a pre-compact essential open annulus which is f -invariant, one can likewise define the prime ends compactification of O in the following way. Let S, N be the two ends of A. Since O is an essential open annulus, its complement has exactly two connected components. Let K N be the subset of the boundary of O that is contained in the connected component that is a neighborhood of N , and let K S = ∂O \ K N . One notes that both K N and K S are f -invariant essential continua and that O ⊂ U − (K N )∩U + (K S ). The prime ends compactifictaion O * of O is the disjoint union of O with two topological circles C S and C N with an appropiate topology such that there exists neighborhoods V S , V N of C S and C N respectively in O * , a neighborhood W S of the prime ends circle in U * + (K S ) and W N neighborhood of the prime ends circle in U * − (K N ), such that V S is homeomorphic to W S and such that V N is homeomorphic to W N . Done in this way, O * is homeomorphic to A, and f has a unique continuous extension f * that is a homeomorphism of O * . One can then verify that, if f * is a lift of f * to the universal covering, then the rotation number of the restriction of f * to C N is the same as ρ − ( f , K N ) and that the rotation number of the restriction of f * to C S is the same as ρ + ( f , K S ).
Realization of rotation vectors in continua
We will need the following result, which can be derived from [Kor16] and [KLCN15] .
Proposition 2.15. Let V ⊂ A be an essential open annulus, K be a connected component of ∂V , and K be the union of K and all the pre-compact connected components of its complement. Let f : A → A be an area-preserving homeomorphism such that f (V ) = V and f a lift of f to its universal covering. Then there exists ρ such that every point in K has the same rotation number ρ. Furthermore, ρ is the prime ends rotation number of K.
Proof. The same proof as Theorem 2.8 of [Kor16] shows that the rotation number of any point in K is the same, and that it is precisely the prime end rotation number of K . It remains to show the same is true for any point in K. Suppose, for a contradiction, that there are points with two different rotation numbers, ρ − and ρ + in K. By Proposition 5.4 of [FLC03] one has that for every rational
, since the rotation interval of the restriction of f to K is a non-degenerate closed interval, one deduces that there are two ergodic measures, µ 1 and µ 2 , supported in K, such that both Rot( f , µ 1 ) and Rot( f , µ 2 ) are irrational numbers and such that Rot( f , µ 1 ) = Rot( f , µ 2 ). This implies that there exists recurrent points z 1 and z 2 in K such that the rotation number of z 1 is Rot( f , µ 1 ) and the rotation number of z 2 is Rot( f , µ 2 ). But if O is a pre-compact connected component of the complement of K , then O is an open topological disk in A, and since f preserves area there exists some integer q 0 such that f q0 (O) = O. This implies that every recurrent point of O that has a rotation number must have a rational rotation number. Therefore neither z 1 nor z 2 can lie in pre-compact connected components of the complement of K , and so both points belong to K . But this is a contradiction, since every point in K has the same rotation number.
Lemma 2.16. Let f : A → A be a homeomorphism, f be a lift of f and assume that there exists ρ a real number and K an f -invariant compact set such that, for every f -invariant ergodic measure ν supported on K, the rotation number of ν is ρ. Then for every ε > 0 there exists N 0 = N 0 (ε) such that for all z ∈ π −1 (K) and all n ≥ N 0 , |p 1 ( f n ( z)) − p 1 ( z) − nρ| < nε/2. Furthermore, for every ε > 0 there exists δ > 0 such that if y is a point whose whole orbit lies in the δ-neighborhood of K and has rotation number, then | Rot( f , y) − ρ| ≤ ε.
Proof. Suppose, by contradiction, there exists a sequence of points z k ∈ π −1 (K) and an increasing sequence of integers n k such that |p
, and we assume that ν k converges in the weak- * topology to a measure ν, otherwise we take a subsequence. One verifies that ν is an f -invariant measure supported on K and that | Rot( f , ν) − ρ| ≥ ε/2. By the Ergodic Decomposition Theorem, we obtain that there exists an f -invariant ergodic measure ν supported on K whose rotation number is not ρ. This is a contradiction. For the second assertion, given ε > 0, if N 0 = N 0 (ε), note that the continuous function g :
, takes values in (−ε/2, ε/2) for z ∈ K. Therefore, there exists some δ > 0 such that, for every y in a δ-neighborhood of K, the function g takes values in [−ε, ε]. This implies that, if the whole orbit of y lies in the δ-neighborhood of K, then
Proposition 2.17. Let f : A → A be an area-preserving homeomorphism, let K be an f -invariant essential continuum and let K be the union of K and all the pre-compact connected components of its complement. If the interior of K is inessential, then every point in K has the same rotation number.
Proof. Since K is essential, so is K. By Proposition 2.15, one knows that there exist ρ 1 and ρ 2 such that every point in ∂U − (K) has rotation number ρ 1 , and that any point in ∂U + (K) has rotation number ρ 2 . If the interior of K is inessential, we have that ∂U − (K) and ∂U + (K) are not disjoint, and so ρ 1 and ρ 2 are the same. Note that ∂K = ∂U − (K) ∪ ∂U + (K). Let O be a connected component of the interior of K, and note that again O is an f -periodic open topological disk in A, and there exist integers
O is bounded, then every point in the closure of O has the same rotation number and it is p 0 /q 0 , and since ∂O ⊂ ∂K we get the claim, and if O is unbounded, then by Lemma 2.14 there exists a point z ∈ ∂O such that f q0 (z) =z and such that the rotation number ofz is p 0 /q 0 . Since every point in ∂O ⊂ ∂K has the same rotation number, we deduce that ρ 1 = p 0 /q 0 . Since O was arbitrary, one deduces that any recurrent point in K has rotation number ρ 1 , and therefore any ergodic measure supported in K has rotation number ρ 1 . But if a compact invariant set is such that every ergodic measure supported on it has the same rotation number, this implies that every point in the set has a well defined rotation number and that this number is ρ 1 .
Regions of instability
Let A be an open topological annulus, denote by S, N the two topological ends of A and let f : A → A be a homeomorphism preserving both the orientation and the ends of A. There are two classical definitions of regions of instability: we say that A is a Birkhoff region of instability if for any U, V , neighborhoods of S and N respectively, there exist n 1 , n 2 > 0 such that f n1 (U ) ∩ V = ∅ and such that f n2 (V )∩U = ∅. We note that, if the dynamics of f is such that every point is non-wandering, then equivalently A is a Birkhoff region of instability if for any U, V , neighborhoods of S and N respectively, the full orbit of U intersects V . This implies that, if the dynamics of f is non-wandering and A is not a Birkhoff region of instability, then there exists O S , O N , neighborhoods of S and N respectively, which are f -invariant and disjoint. We say that A is a Mather region of instability if there exist points z 1 , z 2 in A such that both f −n (z 1 ) and f n (z 2 ) converge to S when n goes to infinity, and such that both f n (z 1 ) and f −n (z 2 ) converge to N when n goes to infinity. One clearly has that a Mather region of instability is also a Birkhoff region of instability. Let us introduce a new definition, which is stronger than the first one but weaker than the second. We say that A is a SN mixed region of instability if, for every neighborhood U of S, one can find points z 1 , z 2 in U such that both f n (z 1 ) and f −n (z 2 ) converge to N when n goes to infinity. One defines similarly a N S mixed region of instability if for every neighborhood V of N , one can find points z 1 , z 2 in V such that both f n (z 1 ) and f −n (z 2 ) converge to S when n goes to infinity.
A general question which is unknown is to give conditions such that any Birkhoff region of instability must also be a Mather region of instability. This was shown to hold for twists maps, and also generically for area-preserving homeomorphisms ([Mat93] and [FLC03] respectively). Our next proposition shows that, in the area-preserving context, that usually if there exists an annulus that is a Birkhoff region of instability, one can always find a subannulus that is a SN mixed region of instability.
Proposition 2.18. Let f : A → A be a homeomorphism which is isotopic to the identity that preserves a measure of full support such that its interior is a Birkhoff region of instability for the restriction of f . Assume further that the rotation set of the restriction of f to A is not a single point. Then there exists some A 2 ⊂ A, which is also an open topological annulus, such that A 2 is a SN mixed region of instability and such that the rotation set of the restriction of f to A * 2 is the same as that of f . Before we begin with the proof of this proposition, let us repeat a construction that dates back to Birkhoff itself, and has more recently been used in the study of homeomorphisms of the annulus and of the 2-dimensional torus in that contains T 1 × {1}, and we omit the dependence on f whenever the context permit. Its a classical result that B ε intersects the circle T 1 × {ε} and is forward invariant. We also define the set ω ε (f ) as the connected component of
that contains T 1 × {1}, and again we omit the dependence on f whenever the context permit. Let us point remark that ω ε (f ) = ω ε (f −1 ). One verifies trivially that ω ε is closed, invariant, and that the ω-limit set of any point in B ε is contained is ω ε . Furthermore, since we are assuming that A is a Birkhoff region of instability, one has that for each ε > 0, the interior of B ε does not contain an essential annulus. One also verifies that if ε 1 > ε 2 , then ω ε1 ⊂ ω ε2 . On the other hand, if in this situation ω ε2 ⊂ T 1 × [ε 1 , 1], then ω ε2 = ω ε1 .
Lemma 2.19. There exists ε 0 such that, if ε < ε 0 , then ω ε = ω ε0 .
Proof. First note that, for every positive integer p, ω ε (f ) ⊂ ω ε (f p ). Let g be a power of f and g be a lift of g such that the Rot( g) contains the interval [−1, 1], and such that the rotation number of the restriction of g to both boundaries does not belong to {−1, 0, 1}. There exists some ε 0 such that, ifẑ ∈ R×{0}, then the ball with radius ε 0 and center z is free for g. Suppose, for a contradiction that there exists some ε 1 < ε 0 such that ω ε1 = ω ε1 (g) is not equal to ω ε0 = ω ε0 (g). If this is true, and if δ = min
then ε 1 ≤ δ ≤ ε 0 , because otherwise one would have that ω ε1 is g-invariant and contained in i∈Z g −i T 1 × [ε 0 , 1] , and therefore must be a subset of ω ε0 . There exists some
Let now v be a connected component of π −1 (v), that contains a point ( θ, 0) with 0 ≤ θ < 1, let ω ε1 = π −1 (ω ε1 ) and let F = v ∪ ω ε1 . First note that the complement of ω ε1 has a connected component A that contains the strip R × [0, δ). We claim that A is the unique connected component of the complement of ω ε1 . Indeed, the complement of A is invariant and contained in R × [ε 1 , 1]. Furthermore, since any connected component of π(A) C has a point of ω ε1 and the later is connected, we have that π(A) C is connected, and therefore it is contained in ω ε1 .
The complement of F can have at most two connected components, L, which contains (−∞, θ) × {0}, and R, which contains ( θ, ∞) × {0}. Let us show that these are different connected components. (See Figure 3 Right). If not, there would be an arc γ joining (−1, 0) and (1, 0) entirely contained in F C . If β = γ ∪ ([−1, 1] × {0}), then β is the image of a simple closed curve, which is disjoint from ω ε1 but such that the point ( θ, δ) is in a different connected component from the complement of β than R × {1}. This contradicts the fact that of ω ε1 is connected and also contains T 1 × {1}.
Note also that, ifẑ is a point in the complement of ω ε1 , one can find an arc α in ( ω ε1 ) C joiningẑ to a point (a, 0). Since ω ε1 is invariant by integer horizontal translations, one gets that if p > |a| + 1 is sufficiently large, α + (p, 0) and α − (p, 0) are both disjoint from v and ω ε1 . One checks that α + (p, 0) ⊂ R, since it contains (a+p, 0) and that α−(p, 0) ⊂ L, since it contains (a−p, 0). We get that, for each z / ∈ ω ε1 , there exists a sufficiently large p such that z + (p, 0) is in R and z − (p, 0) is in L.
There are two cases to consider. Either the rotation number of T 1 × {0} for g is positive or it is negative. The rest of the proof is similar in both situations, so we will assume that it is positive. This implies that g ( θ, 0) belongs to R and g −1 ( θ, 0) belongs to L. Since v is disjoint from ω ε1 , we get that the image of v by g is contained in R, and that its preimage is contained in L. This implies that g(R) does not intersect v. Since g(R) is also disjoint from ω ε1 and is connected, one has that it must be contained in a connected component of the complement of F , and as the image by g of ( θ, ∞) × {0} intersects itself, we deduce that g(R) ⊂ R.
Finally, since g preserves a measure of full support, by the hypothesis on the rotation set of g, one can find there exists somez in A such that, if z is a lift ofz, then g( z) = z − (1, 0). By Proposition 2.17, one knows that every point ω ε1 has the same rotation number for g, and since T 1 × {1} belongs to ω ε1 , this number is not −1. This implies thatz does not belong to ω ε1 , and therefore there exists some integer p such that z + (p, 0) belongs to R, and such that g 2p ( z + (p, 0)) = z − (p, 0) belongs to L, which is a contradiction since that R is positively invariant. This shows that ω ε (g) ⊂ ω ε0 (g) for all ε < ε 0 .
End of the proof of Proposition 2.18. Let A 2 be the complement of ω ε0 ∪(T 1 × {0}). Note that A 2 is open, contains T 1 × (0, ε 0 ) and therefore separates T 1 × {0} and T 1 × {1}, and its complement has exactly two connected components. Therefore A 2 is an essential open topological annulus. Let S be the end of A 2 corresponding to T 1 × {0}, and let N be the other end.
If U is a neighborhood in A 2 of S, then there exists ε > 0 such that T 1 ×(0, 2ε) is contained in U . As noted before, B ε (f ) has a point in z 1 in T 1 × {ε} ⊂ U and the ω-limit set of any point in B ε (f ) is contained in ω ε = ω ε0 , one has that the future orbit of z 1 in U converges to N . Likewise, one knows that ω ε (f −1 ) = ω ε (f ) = ω ε0 (f ), and since B ε (f −1 ) has a point z 2 in U whose ωlimit set for f −1 , and therefore whose α-limit set for f , is contained in ω ε0 (f ). This shows that A 2 is a SN mixed region of instability.
Finally, since the rotation set of f is not a single point, it is a non-empty interval and since f preserves a measure of full support, one knows that for every p/q in the rotation set of f there exists a periodic point z p/q such that the rotation number of z p/q is p/q. Since every point in ω ε0 has the same rotation number which is equal to the rotation number of the restriction of f to T 1 ×{1}, and since every point in T 1 × {0} has the same rotation number, we get that for all but possibly two values of p/q in the rotation set of f , z p/q must belong to A 2 . Since the rotation set of the restriction of f to A * 2 must be closed, we deduce it must be equal to the full rotation set of f .
Proof of Theorem A
In this section, we prove Theorem A. Let f be a homeomorphism of the closed annulus A = T 1 × [0, 1] which is isotopic to the identity and preserves a Borel probability measure µ with full support. Let f be a lift of f to R × [0, 1]. Replacing f by a power f q and the lift f by a lift f q + (p, 0), one can suppose that Rot( f ) = [α, β] with α < 0 < 1 < β. We can also assume that the rotation numbers of both boundary components of A are not equal to 1. Suppose by contradiction that Rot( f , µ) = α. We will fix a maximal identity isotopy I of f that lifts to a maximal identity isotopy of f , and we also fix an oriented singular foliation F transverse to I and its lift F.
Preliminaries
We recall first Atkinson's Lemma on Ergodic Theory (see [Atk76] ). As a corollary we have the following result (see Corollary 4.6 of [KT14b]).
Corollary 3.2. Let ν be an ergodic invariant measure for f and ϕ : A → R be an integrable map such that A ϕ dν = 0. Then for ν-almost every point z ∈ A, there exists an increasing sequence q l → +∞ such that f q l (z) → z and
We also have the following result which can be derived directly from Proposition 4.3 of [KT14b]. Finally, we deduce the following proposition.
Proposition 3.4. There exists a set X α in A with full µ measure such that, for every z ∈ X α we have Proof. Let B be the complement of the set of points that satisfy properties (i) to (iii), and assume for a contradiction that µ(B) > 0. By Lemma 3.3, we can find an f -invariant ergodic measure ν such that Rot( f , ν) = α and such that ν(B) > 0. Since ν is ergodic, ν-almost every point in B is bi-recurrent and has rotation number equal to α. Applying Corollary 3.2 using ϕ(z) = p 1 ( f ( z) − z) − α, one has that there exists a sequence of integers q l → +∞ such that f q l (z) → z and
Since f q l (z) → z one deduces there exists a sequence of integers p l such that f q l ( z) − z − (p l , 0) → (0, 0) and so p l − q l α → 0. So ν-almost every point in B satisfy the first part of property (iii). A similar argument, using Corollary 3.2 with f −1 in place of f and ϕ (z) = p 1 ( f −1 ( z) − z) + α, gives us that ν-almost every point in B satisfy the second part of property (iii). Therefore ν-almost every point of B satisfy properties (i)-(iii), a contradiction.
We have the following result, whose proof is immediate.
Lemma 3.5. Let α < 0 and r be a real number, and assume there exists a sequence (p l , q l ) l∈N in (−N) × N satisfying:
If k > −αr, then there exists some integer l(k) ∈ N such that for every integer l ≥ l(k), we have p l − k q l + r < α.
Proof of Theorem A
Note that Rot( f ) = [α, β] and α < 0 < 1 < β. We recall that we are assuming that f preserves a Borel probability measure of full support, so by Frank's Theorem (Theorem 2.8) one can find a fixed point z of f in the interior of the annulus such that, if z is a lift of z, then f ( z) = z + (1, 0). Let I Z F (z) be the whole transverse trajectory of z = π( z). We start by recalling some facts about the transverse path I Z F (z). By definition, we have I Z F (z)(0) = I Z F (z)(1). Let Γ be the loop naturally defined by the closed path I Z F (z)| [0,1] . We know that every leaf, φ, that meet Γ is wandering, that is, for every point z ∈ φ has a trivialization neighborhood W such that each leaf of F contains no more than one leaf of F| W (see [LCT18a] for more details). Consequently, if t and t are sufficiently close, one has φ Γ (t) = φ Γ (t ) . Moreover, because Γ is positively transverse to F, one cannot find an increasing sequence (a n ) n∈N and a decreasing sequence (b n ) n∈N , such that φ Γ (an) = φ Γ (bn) . So, there exist real numbers a, b with 0 ≤ a < b ≤ 1 such that t → φ I Z 
is an open annulus and Γ is a simple loop. As z is a periodic point we have the following result. This lemma is contained in the proof of Proposition 2 from [LCT18a] .
Lemma 3.6 ([LCT18a]). Suppose that there exists t < a such that
Proof. See the proof of Proposition 2 from [LCT18a] . Therefore, as z is a periodic point, there are two possibilities for the whole transverse trajectory of z, I Z F (z), namely: I) I 1 F (z) has a F-transverse self-intersection; or II) I Z F (z) is equivalent to the natural lift of a simple loop Γ of A. We will analyze each case separately.
Case I
Note that we can collapse the two boundary components of A to two points S, N to obtain a sphere, and that there exist natural extensions of f and I to this sphere, as well as a new transversal foliation that has singularities in S and N , which for simplicity we denote by f * , I * and F * . Since for this induced map Γ * = I * 1 F * (z) is a loop homologous to zero with a F * -transverse selfintersection, one can apply Proposition 7 of [LCT18a] and deduce that I * 2 F * (z), which is admissible of order 2, has a F * -transverse self-intersection. It follows that, I 2 F (z), has a F-transverse self-intersection and that, if z is a lift of z, one can find an integer p 0 such that the transverse path γ := I 2 F ( z) has a Ftransverse intersection with γ + (p 0 , 0). Lemma 2.3 provides us a sufficiently small neighborhood W of z such that, for every y ∈ W , one has that
where X α is the set provides by Proposition 3.4. By Proposition 3.4 and Lemma 3.5, one finds integers p, q, with q > k + 8 sufficiently large, such that • f q ( z * ) belongs to W + (p, 0);
Now, if y * = f k−1 ( z * ), then f ( y * ) ∈ W + (k, 0), which implies that I 4 F ( y * ) has γ 1 = γ + (k, 0) as a subpath. Furthermore, as f q ( z * ) belongs to W + (p, 0), the transverse path I 4 F ( f q−3 ( z * )) has γ 2 = γ + (p − 2, 0) as a subpath. Note that the path γ * = I q+1 F ( z * ) is admissible of order q + 1, and γ 2 has a Ftransverse intersection with γ 2 + (p 0 , 0) = γ 1 + (p + p 0 − k − 2, 0). Therefore the path γ * | [q−3,q+1] = I 4 F ( f q−3 ( z * )) has a F-transverse intersection with (γ * + (p + p 0 − k − 2, 0)) | [k−1,k+3] = I 4 F ( y * )+(p+p 0 −k −2, 0). By Proposition 2.7, p+p0−k−2 q+1 is in the rotation set of f , which is a contradiction.
Case II
Assume now that I Z F (z) is equivalent to the natural lift of a simple loop Γ in A. Let consider γ : R → A the natural lift of Γ such that γ(t + 1) = γ(t) for every t ∈ R and γ the lift of γ to A. One gets that the set of leafs intersecting Γ is an open topological sub-annulus U Γ of A, and since f ( z) = z + (1, 0), one gets that U Γ = π −1 (U Γ ) has a single connected component, and that U Γ is an essential annulus.
Proposition 3.7. There exist an admissible transverse path γ * and real numbers a < a < b < b such that, if γ * is a lift of γ * to A, then
] is equivalent to γ| [s,s+1] for some s ∈ R and γ * (a ) = γ * (b ); Proof of Proposition 3.7. By density of the set X α , provides by Proposition 3.4, and Lemma 2.3, we can suppose that γ| [0,2] is equivalent to a subpath of I Z F ( z 0 ), the whole transverse trajectory of a point z 0 that lifts a point z 0 in X α . We will denote γ 0 = I Z F ( z 0 ). Since the point z 0 has a negative rotation number, the transverse path γ 0 cannot be contained in U Γ . Hence one can find real numbers t 1 < t 1 < t 2 < t 2 and integer j − and j + uniquely determined such that
and φ γ(0) + (j + + 1, 0) respectively;
• γ 0 (t 1 ) and γ 0 (t 2 ) do not belong to U Γ .
We claim that, if γ 0 (t 1 ) and γ 0 (t 2 ) belong to the same connected component of the complement of U Γ then, we are done. Indeed, we have that j + − j − ≥ 2, we know that γ 0 | [t1,t 2 ] + (j + − 1 − j − , 0) and γ 0 | [t 1 ,t2] intersect F-transversally at γ 0 (t) + (j + − 1 − j − , 0) = γ 0 (t 2 ). By Proposition 2.4 the transverse path
is a subpath of an admissible transverse path γ * which satisfies the proposition.
In that follows we assume that • γ 0 (t 1 ) and γ 0 (t 2 ) belong to different connected components of the complement of U Γ .
Since the point z 0 is bi-recurrent and the complement of the annulus U Γ saturated, that is, it is the union of singular point and leaves of F, one can find real numbers t 2 ≤ t 3 < t 4 such that
• γ 0 (t 4 ) belongs to the same connected component of the complement of U Γ than γ 0 (t 1 );
• γ 0 (t 3 ) belongs to the same connected component of the complement of U Γ than γ 0 (t 2 ).
Observe now that, by Lemma 3.6, there exists a non-zero integer j, such that γ| [t1,t2] and γ| [t3,t4] + (j, 0) intersect F-transversally at γ(s) = γ(t) with t 1 < s < t 2 < t 3 < t < t 4 . Hence by Proposition 2.4, one has that the path
is a subpath of an admissible transverse path. We can construct an admissible transverse path γ * as above.
End of the proof of Theorem A
Let consider a lift γ * : [a, b] → A of γ * , provides by Proposition 3.7, to A and let γ be a lift of the natural lift of Γ such that γ(0) = γ * (a ) and γ(1) = γ * (b ). We suppose that γ * is admissible of order N ≥ 1. We will denote by φ 0 the leaf φ γ(0) = φ γ * (a ) of F. Let U Γ be a lift of U Γ which is homeomorphic to R 2 . We have the following corollary to Proposition 3.7 .
Corollary 3.8. For every integer k ≥ 1, there exist an admissible of order kN
• γ k (a) and γ k (b) belong to the same connected component of the complement to U Γ .
Proof. Note that the paths γ * | [a ,b] and ( γ * +(1, 0))| [a,b ] intersect F-transversally at γ * (b ) = γ * (a ) + (1, 0). It follows that for every integer i ∈ {1, · · · , k − 1} the paths ( γ * + (i, 0))| [a ,b] and ( γ * + (i + 1, 0))| [a,b ] intersect F-transversally at γ * (b ) + (i, 0) = γ * (a ) + (i + 1, 0). Applying Lemma 2.5, one knows that the path
is admisible of order kN . This completes the proof of the corollary.
For every integer k large enough consider real numbers a k and b k with a k < a k < b k < b k such that φ γ k (a k ) = φ 0 + (1, 0) and φ γ k (b k ) = φ 0 + (k − 1, 0). Let z k be a point in dom( I) such that γ k is a subpath of the path I kN F ( z k ), and consider the smaller integer i k and the larger integer N k in {1, · · · , kN } such that
We have the following result.
Corollary 3.9. For every integer k large enough the paths I i k F ( f −i k ( y k )) and
By density of the set X α given by Proposition 3.4 and Lemma 2.3, considering a point close to y k , we can suppose that y k belongs to X α . We have the consequence following, which results of Proposition 3.4. Lemma 3.10. For every positive real number L, there exist two integers p ∈ −N and q ∈ N satisfying q − i k > L such that:
Proof. By Proposition 3.4, one can find an integer l sufficiently large such that q l > L + i k and such that f q l ( y k ) − (p l , 0) is close to y k . Lemma 2.3 permits us to conclude that the path 0) . Hence choosing q = q l and p = p l we have that γ k | [a,a k ] is a subpath of 0) . This completes the proof of the lemma.
Let γ * * be the transverse path I q+1−N k F ( f N k ( y k )). We deduce the next result.
Corollary 3.11. The paths γ * * and γ * * + (p − k, 0) intersect F-transversally at some leaf φ γ * * (t) = φ ( γ * * +(p−k,0))(s) where s < t.
Proof. One knows that the path γ k | [a,a k ] +(p, 0) is a subpath of
The result follows since we took q sufficiently large so that q − 1 − i k − N k is larger than kN − N k .
As a consequence of Proposition 2.7 we deduce the following corollary.
Corollary 3.12. We have that p−k q+1−N k belongs to Rot( f ).
As N k ≥ 1, this implies also that p−k q+1−N k < p−k q , but since p − αq < 1, we have that p−k q − α < 0, a contradiction since we assume that Rot( f ) = [α, β].
Proof of Theorem B
In this section, we will prove Theorem B. We start by proving a result of uniformly boundedness for the diameter of the projection onto the first coordinate of the leaves of F, where F is the lift of a foliation that is transverse to a maximal identity isotopy whose endpoint is a homeomorphism that satisfies hypotheses of Theorem B. This result play a key role in the proof of Theorem B. We consider the open annulus A := T 1 × (0, 1). We will denote by N (resp. by S) the upper (resp. lower) end of A. We recall that the homeomorphism f restrict to the open annulus A can be extended to a homeomorphism, which we still denote f , of the end compactification of A, which is a topological sphere, and this homeomorphism fixes both ends of A. Let I be a maximal identity isotopy larger than I (isotopy associated to the lift f ) and let I be a lift of I. Let F be a singular foliation transverse to I, and let F be a lift of F| A . We note that N and S are in Fix(I) and that these are isolated singularities of F. The next result follows from Proposition 2.11 which describes the dynamics of a foliation near to an isolated singularity and the fact that the boundary component rotation numbers are positive.
A result of uniformly boundedness
Lemma 4.1. The isolated singularity S (resp. N ) is a sink (resp. a source) of F.
Proof. We will prove that S is a sink of F (one proves analogously that N is a source). By Proposition 2.11 it is sufficient to prove that both Cases (1) and (2) of Proposition 2.11 do not hold and that S is not a source. We will prove it by contradiction. Suppose first that Case (1) of Proposition 2.11 holds, that is, there exists an open topological disk D containing S and contained in a small neighborhood of S whose boundary is a closed leaf of F. By transversality of the foliation either f (D) ⊂ D or f −1 (D) ⊂ D. This contradicts the fact that A is a Birkhoff region of instability of f . Suppose now that Case (2) of Proposition 2.11 holds, that is, there exist leaves φ + S and φ − S of F whose ω-limit and α-limit set are reduced to S respectively. We will prove that the existence of φ − S implies that the rotation number of the boundary component R × {0} is negative or zero. This contradicts our hypothesis.
Claim. Suppose that there exists a leaf φ − S of F whose α-limit set is reduced to S. Then the rotation number of the boundary component R × {0} is negative or zero.
Proof. Let us parameterize the leaf φ − S : R → A. Conjugating f by a homeomorphism given by Schoenflies' Theorem, we may suppose that φ − S | (−∞,0] is contained in {0} × (0, 1). Let U be a Euclidean circle centered at S whose boundary meets φ − S | (−∞,0] . By Proposition 2.12, F is locally transverse to I at S. Let V be a neighborhood of S contained in U given by the local transversality of F to I at S: the trajectory of each z ∈ V , z = S along I is homotopic, with fixed endpoints, to an arc I 1 F (z) which is transverse to F and included in U . In particular, the arc I 1 F (z) must cross φ − S from right to left. More precisely, let f be the lift of f | A associated to I, and let F be the lift of F| A . Let U and V be lifts of the sets U \ {S} and V \ {S} respectively. Letφ − S be the lift of φ − S contained in the line {0} × (0, 1). Let z ∈ V \ {S} and let n ∈ N such that {z, · · · , f n−1 (z)} ⊂ V . Let z be the lift of z such that −1 < p 1 (ẑ) ≤ 0 and I 1 F ( z) the lift of the arc I 1 F (z) from z. Since the path I n F (ẑ) is transverse to F and does not meet the boundary of U , we obtain that p 1 ( f n ( z)) < 0 and thus
This implies that the rotation number of the boundary component R × {0} is negative or zero.
We note finally that if S is a source, then by the above claim we deduce that the rotation number of the boundary component R × {0} is negative or zero. This contradicts again our hypothesis. This completes the proof of the lemma.
Let Γ S and Γ N be two F-transverse loops close enough to S and N respec-tively, and let γ S and γ N be their respective natural lifts such that the annuli
coincide with the attracting and repelling basin of S and N for F respectively. Let F be a lift of F| A to R × (0, 1). Now we can state the main result of this subsection, which will also be useful in the proof of Theorem B. Proof. Up to a suitable change of coordinate we can suppose that the foliation F restrict to a neighborhood of S (resp. N ) coincides with the foliation of vertical lines downward (resp. upward) on T 1 × (0, 1). By Lemma 2.9 and Corollary 2.10 (applied at both ends of A), there exist a neighborhood V S ⊂ U S (resp. V N ⊂ U N ) of S (resp. of N ) and integers n S ≥ 1 and n N ≥ 1 such that for every z ∈ V S , z = S (resp. z ∈ V N , z = N ) the closed path γ S | [0,1] (resp. γ N | [0,1] ) is a subpath of I n S F (z) (resp. I n N F (z)). On the other hand, since A is a Birkhoff region of instability of f one can find two points z 0 and z 1 and integers n 0 ≥ 1 and n 1 ≥ 1 satisfying:
We will write γ 0 := I n0+n S F (z 0 ) and γ 1 := I n1+n N F (z 1 ) for convenience. Therefore there exist leaves φ S ⊂ U S and φ N ⊂ U N of F and real numbers s 0 < t 0 and s 1 < t 1 such that:
• φ γ0(s0) = φ S and φ γ0(t0) = φ N ;
Replacing γ 0 by an equivalent transverse path, one can suppose that γ 0 (s 0 ) = γ 1 (t 1 ) and γ 0 (t 0 ) = γ 1 (s 1 ). Let Γ be the loop naturally defined by the closed path γ 0 | [s0,t0] γ 1 | [s1,t1] which is transverse to F. Since the loop Γ is homologous to zero in the sphere, one can define a dual function δ defined up to an additive constant on S 2 \Γ as follows: for every z and z in S 2 \Γ, the difference δ(z)−δ(z ) is the algebraic intersection number Γ ∧ γ , where γ is any path from z to z . As Γ is transverse to F the function δ decreases along each leaf with a jump at every intersection point. One proves that δ is bounded and that the space of leaves that meet Γ, furnished with the quotient topology is a (possibly non Hausdorff) one dimensional manifold (see [LCT18a] for more details). In particular, there exists an integer K ≥ 1 such that Γ intersects each leaf of F at most K times. Moreover any lift of the set φ S ∪ γ 0 | [s0,t0] γ 1 | [s1,t1] ∪ φ N separates the plane R 2 . More precisely, every set whose diameter on the first coordinate is large enough must intersect a lift of φ S ∪ γ 0 | [s0,t0] γ 1 | [s1,t1] ∪ φ N . Hence, we have that each leaf of F intersects at most K translates of a lifted of the closed path γ 0 | [s0,t0] γ 1 | [s1,t1] . Hence one deduces that for every leafφ of F the diameter of the projection on the first coordinate ofφ is smaller than the constant diam(γ 0 | [s0,t0] γ 1 | [s1,t1] ) + K + 2. This completes the proof of the proposition.
Proof of Theorem B
Let f be a homeomorphism of the closed annulus A := T 1 × [0, 1] which is isotopic to the identity. Letf be a lift of f to R × [0, 1]. We assume that Rot(f ) = [α, β] and that the rotation number of both boundary components are strictly larger than α, the case where the rotation number of both boundary components are strictly smaller than β is similar. Hence considering a rational number p/q between the left endpoint of Rot(f ) and the minimum of the two boundary component rotation numbers, we can replace f by a power f q and the liftf by a liftf q + (p, 0), and so suppose that Rot(f ) = [α, β] with α < 0 < β and that both boundary component rotation numbers are strictly positive.
We consider the open annulus A := T 1 × (0, 1). We will denote by N (resp. S) the upper (resp. lower) end of A. We recall that the homeomorphism f restricted to the open annulus A can be extended to a homeomorphism, denoted still f , of the end compactification of A, which is a topological sphere, and this homeomorphism fixes both ends of A. Let I be a maximal identity isotopy larger than I (isotopy associated to the liftf ) and letÎ be a lift of I. Let F be a singular foliation transverse to I, and let F be a lift of F| A .
We know from the previous subsection that S and N are a sink and a source of F respectively and that up to a conjugation the leaves of F are uniformly bounded on the first coordinate. Moreover for a positive real number δ the foliation F restrict to R × (0, δ) (resp. R × (1 − δ, 1)) is the foliation in vertical lines on R × (0, 1) oriented downwards (resp. upwards). Letγ N : R → R × (0, 1) andγ S : R → R × (0, 1) be the transverse path defined bŷ γ N (t) := (t, 1 − δ/2) andγ S (t) := (t, δ/2).
Let us consider
U N := ∪ t∈R φγ N (t) and U S := ∪ t∈R φγ S (t) .
We will begin by proving the following result. Proof. Let us prove (i). As in the proof of Proposition 4.2, one can find two pointsẑ 0 ,ẑ 1 in A = R × (0, 1) and two positive integers n 0 and n 1 such that, if γ * 0 := I n0 F (ẑ 0 ) andγ * 1 := I n1 F (ẑ 1 ), then there exist real numbers
is contained inÛ S but it do not meet φγ S (−1) ; •γ * 1 (t 1 ) does not belong to U S ;
•γ * 1 | [r − 1 ,r + 1 ] belongs to the complement of U S ∪ U N ; • If ε is sufficiently small, thenγ * 1 (r − 1 − ε) ∈ U N andγ * 1 (r + 1 + ε) ∈ U S . We can also assume, by using Corollary 2.6, that neither the pathγ * 0 | [a0,b0] nor the pathγ * 1 | [a1,b1] have F-transverse self-intersections. We note that the pathŝ γ * 0 | [s − 0 ,t0] andγ * 1 | [t1,s + 1 ] have aF-transverse intersection at φγ S (0) , and so item (i) is proved.
Let us prove (ii). Let ε be sufficiently small such thatγ * 0 (t) belongs to U S for any r − 0 − ε < t < r − 0 and such thatγ * 0 (t) belongs to U N for any r + 0 < t < r + 0 + ε. By Proposition 4.2 there exists a real number K 0 > 0 such that for each leafφ of F the diameter of p 1 (φ) is bounded by K 0 and by compactness there exists a real number K 0 > 0 such thatγ * 0 | [r − 0 −ε,r + 0 +ε] is contained in (−K 0 , K 0 ) × (0, 1). Let K = K 0 + K 0 , and consider a transverse pathγ with diameter on the first coordinate larger than K * := 2K + 1. Then there exists an integer p 0 such that γ meets both (−∞, p 0 − K) × (0, 1) and (p 0 + K, +∞) × (0, 1).
Let End of the proof of Theorem B. One knows by Proposition 4.2 that the leaves of F are uniformly bounded on the first coordinate. Hence in order to prove Theorem B it is sufficient to prove that there exists a real constant L > 0 such that for every admissible transverse pathγ : [a, b] → A of order n ≥ 1, one has
Letγ : [a, b] → R × (0, 1) be a transverse path such that
One can find c, d in (a, b) with c < d such that p 1 (γ(b)) − p 1 (γ(d)) = −K * and p 1 (γ(c)) − p 1 (γ(a)) = −K * .
By item (ii) from Lemma 4.3 there exist p 0 and p 1 in Z, a < l 0 < c, d < l 1 < b,
•γ| [d,b] andγ * 1 + (p 1 , 0) intersect F-transversally atγ(l 1 ) =γ * 1 (w 1 ) + (p 1 , 0). Ifγ is admissible of order n ≥ 1, then the patĥ
is admissible of order n + n 0 + n 1 by Corollary 2.5 and one has p 1 (γ(b)) − p 1 (γ (1)) < −K * and p 1 (γ (0)) − p 1 (γ(a)) < −K * Recall thatγ * 0 andγ * 1 intersect F-transversally (item (i) from Lemma 4.3). One deduces thatγ intersects F-transversallyγ + (p , 0), where p = p 0 − p 1 . Proposition 2.7 tells us that p /(n + n 0 + n 1 ) belongs to Rot(f ), which implies that α ≤ p n + n 0 + n 1 .
We write K * * by the diameter on the first coordinate ofγ * 0 . Observe now that p 1 (γ (1)) + p − p 1 (γ (0)) > −K * * .
So, one deduces
This completes the proof of Theorem B.
Example
Given a homeomorphism of the closed annulus A := T 1 × [0, 1] that is isotopic to the identity and having A := T 1 × (0, 1) as Birkhoff region of instability, and a liftf of f to R × [0, 1] with a nontrivial rotation set, Rot(f ) = [α, β], and such that the rotation numbers of both boundary components of A are in the interior of [α, β] . It follows of Theorem B that there exists a real constant L > 0 such for everyẑ ∈ R × [0, 1] and every integer n ≥ 1 we have p 1 (f n (ẑ)) − p 1 (ẑ) − αn ≥ −L and p 1 (f n (ẑ)) − p 1 (ẑ) − βn ≤ L.
The following example shows that the hypothesis "the rotation numbers of both boundary components of A are contained in the interior of the rotation set" is essential in the conclusion of Theorem B.
where p 2 : R × [0, 1] → [0, 1] is the projection on the second coordinate, such thatf 0 extends continuously as the identity to the boundary ofÛ 0 ∪V 0 ∩ A and finally that p 1 (f 0 (x, y)) = x if g(y) ≥ 1/2. Now extendf 0 toÛ andV by the formulaf 0 T 1 = T 1f0 . Finally we extendf 0 to R × [0, 1] such thatf 0 coincides with the identity on the complement of the union ofÛ and ofV . Note thatf 0 extends continuously to R × {0, 1} since lim y→0 (h(y) − h(g(y))) = lim y→1 (h(y) − h(g(y))) = 0.
We note that by constructionf 0 commutes with T 1 , and that for every i ∈ Z the sets T i (Û 0 ) and T i (V 0 ) aref 0 -invariant. Hence it is easy to check that if (x, y) ∈V and n ≥ 1, then
, g −n (y) .
Thus
,
so one knows that the function p 1 (f n 0 (x, y) − (x, y)) is not bounded from below. Moreover from (1), A = T 1 × (0, 1) is a Birkhoff region of instability of f 0 , the projection off 0 to A. More precisely, the f 0 -orbit of each point z ∈ U =π(Û 0 ) goes from the upper boundary component of A to the lower one, that is • ϕ(y) = 0 if y ∈ [0, g −1 (1/2)] ∪ [g −2 (1/2), 1]; and
• ϕ(y 1 ) = 1.
We note thatf 1 commutes with T 1 , the compact strip
is anf 1 -invariant set, andf 1 acts as the identity on the complement of S 0 . We now considerf :=f 1 •f 0 which is a homeomorphism of R × [0, 1] and which commutes with T 1 . It remains to prove thatf satisfies the properties described in the proposition.
To see that A is a Birkhoff region of instability of f , note that if we choose some pointẑ 0 = (x 0 , g −1 (1/2)) ∈V thenf n (ẑ 0 ) belongs to R × [g −2 (1/2), 1] for all n > 0, and to R × [0, g −1 (1/2)] for all n ≤ 0. In particular,f n (ẑ 0 ) =f n 0 (ẑ 0 ). Therefore z 0 =π(ẑ 0 ) goes from the lower boundary to the upper boundary component of A. We can likewise choose a pointẑ 1 = (x 1 , g −1 (1/2)) ∈Û and thenf n (ẑ 1 ) belongs to R × [g −2 (1/2), 1] for all n < 0, and to R × [0, g −1 (1/2)] for all n ≥ 0. Therefore z 1 = π(ẑ 1 ) goes from the upper boundary component to the lower boundary component of A.
We note also that any point in R × [0, g −1 (1/2)] belongs to eitherV , toÛ or is a fixed point off 0 . One verifies trivially that the set R × [0, g −1 (1/2)] ∩V is forward invariant forf 0 and therefore also forf , and every point is a wandering point. One also verifies that R×[0, g −1 (1/2)]∩Û is backward invariant forf , and thus all its points are also wandering. Therefore any point in R × [0, g −1 (1/2)] that is not wandering must be fixed byf . A similar argument shows that any point of R × [g −2 (1/2), 1] that is not wandering forf is also fixed. Thus any periodic point of f that does not lift to a fixed point off must have its whole orbit contained in the annulus T 1 × [g −1 (1/2), g −2 (1/2)]. Now, for any point (x, y) in S 0 , we have that 0 ≤ p 1 (f (x, y) − (x, y)) ≤ 1, so one gets that Rot(f ) ⊂ [0, 1]. Finally, take the point (1/2, y 1 ), which lies in the boundary of U . Thereforef 0 (1/2, y 1 ) = (1/2, y 1 ) and thereforef (1/2, y 1 ) = (1/2 + 1, y 1 ). Therefore 1 ∈ Rot(f ) and since the closed annulus is a region of instability, we get that Rot(f ) is a closed interval containing both 0 and 1. We deduce that Rot(f ) = [0, 1].
Realization results
In this section, we will prove Theorems C and D.
Proof of Theorem C
Theorem C will be a consequence of the following stronger proposition, since being a Mather region of instability is stronger than being a SN mixed region of instability. Proposition 6.1. Let f : A → A be a homeomorphism which is isotopic to the identity, and let f be a lift of f to the universal covering. Suppose that T 1 × (0, 1) is a SN mixed region of instability. For every ρ in Rot( f ) there exists a compact invariant set Q ρ such that for every point of Q ρ has a rotation number well-defined and it is equal to ρ. Moreover, if ρ = p/q is a rational number, written in an irreducible way, then Q ρ is the orbit of a period point of period q.
The proof of the proposition is immediate when Rot( f ) is a single point, as in this case every point of A has a well defined rotation number and this number is unique. Therefore we can assume that Rot( f ) = [α, β], with α < β. We divide the proof of Proposition 6.1 in two cases, when ρ is in the boundary of the rotation set, and when it is in the interior.
When ρ is a boundary point
We show that α is realized by a compact invariant set, the case for β is similar. If any of the boundary components rotation numbers is α it suffices to take Q α as the boundary component, therefore we assume that α is strictly smaller than the rotation numbers of the boundary components and thus that f satisfies the hypotheses of Theorem B, since being a SN mixed region of instability is stronger than being a Birkhoff region of instability. Let us consider By the following proposition we can take Q α as the set X α , completing the proof of the proposition in this case Proposition 6.2. Let α be in the boundary of the rotation set of f . Every measure supported on X α belongs to M α . Moreover, if z lifts a point z of X α , then for every integer n ≥ 1, we have
where L is the constant given by Theorem B.
Proof. We note that it is sufficient to prove the second statement. We recall that, if µ ∈ M α , then every ergodic measure ν that appears on the ergodic decomposition of µ also belongs to M α . It is sufficient to prove that for every ergodic measure ν in M α , there exists a set A of full measure such that if z lifts a point z of X α , then for every integer n ≥ 1, we have p 1 ( f n ( z)) − p 1 ( z) − nα ≤ L, since this implies that the above inequality must hold in the whole support of ν.
By Atkinson's Lemma, Proposition 3.1, there exists a set A of ν-full measure, such that if z lifts a point z of A, then there exists a subsequence of integer (q l ) l∈N such that
On the other hand, by Theorem B we know that for every z ∈ R × [0, 1], and every integer n ≥ 1 we have
(3)
It remains to check that, if z is a lift of z ∈ A, then
Indeed, if l is large enough such that q l is greater than n, one can write
Letting l tend to +∞, we obtain inequality (4). The proposition follows of inequalities (3) and (4).
When ρ is an interior point
We already know the existence of an f -invariant compact set with rotation number equal to ρ if ρ ∈ {α, β} or if ρ is the rotation number of one of the boundary components of A. So we assume ρ ∈ (α, β) and ρ is not the rotation number of the upper boundary. We can also assume that the rotation number of the upper boundary is ρ 1 larger than ρ, the case where it is smaller is again similar. We pick some rational number p/q such that α < p/q < ρ < (p + 1)/q < (p + 2)/q < ρ 1 ≤ β.
Let g = f q , and g = f q − (p, 0). Let I be an identity isotopy of g, such that its lift to A, I , is an identity isotopy of g. By Theorem 2.1 one can find a maximal identity isotopy larger than I . By Theorem 2.2 one can find an oriented singular foliation F on A which is transverse to I, its lift to A, denoted by F is transverse to I (the lift of I). Note that the rotation number of the upper boundary for g is larger than 2. Our goal is to show that there exist some integer n > 0 and some transverse trajectory γ such that γ is admissible of order n and such that γ has a F-transverse intersection with γ + (j, 0) where j > n. If we do this, Proposition 2.7 implies that for all 0 < θ ≤ j/n, there exists a g-invariant compact set with rotation number θ for g, and we deduce that f has a compact set with rotation number ρ.
To construct the transverse path γ, let us first note that: the transverse trajectory of a point z in the upper boundary of the annulus is equivalent to the canonical lift γ of a simple transverse loop Γ , and if γ is the lift of γ , then for every t ∈ R, γ (t + 1) = γ (t) + (1, 0). Moreover, if > 0 is fixed and if m is a sufficiently large integer, then for every z very close to the upper boundary the transverse path I Z F ( z)| [0,m] contains a subpath equivalent to a translate of γ | [0,(2+ /2)m] (this last property comes from the fact that the rotation number of the upper boundary is larger than 2). Let U Γ be the annulus of the leaves crossed by Γ. Note that, as Rot( g) has a negative real number, one can deduce that U γ does not intersect a neighborhood V of the lower boundary component of A.
Since A is a SN mixed region of instability for f , it is also a SN mixed region of instability for g , we have that there exist points z S,N and z N,S , both lying in V , such that the ω-limit set of z S,N for g is contained in T 1 × {1} and such that the α-limit set for g of z N,S is also contained in T 1 × {1}. This implies that there exists an integer n 0 sufficiently large such that, for all integer n ≥ n 0 , g n (z S,N ) and g −n (z N,S ) are very close to the lower boundary. Let U Γ be a lift of U Γ . Taking some lift z N,S of z N,S , one get that, if m is an integer sufficiently large, the transverse path I Z F ( z N,S )| [−m−n0,0] ends outside of U Γ but contains a subpath that is equivalent to a translate of γ | [0,(2+ /2)m] . Similarly, taking some lift z S,N of z S,N , one get that, if m is an integer sufficiently large, the transverse path I Z F ( z S,N )| [0,m+n0] starts outside of U Γ but contains a subpath that is equivalent to a translate of γ | [0,(2+ /2)m] . Each of those paths is admissible of order n 0 + m. By Proposition 2.4, if m large enough, one can construct a transverse path γ that starts and ends outside of U Γ , and that contains as a subpath a translate of γ | [0,(2+ /2)m] . The path γ is admissible of order 2(n 0 + m) and has a F-transverse intersection with γ + (j, 0), where j > (2 + /4)m. Note that, as n 0 is fixed, if m is sufficiently large, then j > 2(n 0 + m). This ends the proof of Proposition 6.1.
Proof of Theorem D
Before we start the proof of Theorem D, let us state a simple corollary of Proposition 6.1. Corollary 6.3. Let f : A → A be a homeomorphism which is isotopic to the identity, and let f be a lift of f to the universal covering. Suppose that f preserves a measure of full support, and that A = T 1 × (0, 1) is a Birkhoff region of instability. For every ρ in Rot( f ) there exists a compact invariant set Q ρ such that for every point of Q ρ has a rotation number well-defined and it is equal to ρ. Moreover, if ρ = p/q is a rational number, written in an irreducible way, then Q ρ is the orbit of a period point of period q.
Proof. Since T 1 × (0, 1) is a Birkhoff region of instability we can find, by Proposition 2.18, that there exists an essential open annulus A ⊂ A which is a SN mixed region of instability, and such that, if A * is the prime ends compactification of A, f * is the extension of f to A * , then there exists f * a lift of f * such that Rot( f * ) = Rot( f ). By Proposition 6.1 we deduce that for any ρ in Rot( f ) there exists a closed subset Q * ρ which is f * -invariant and such that the f * rotation number of any point in Q * ρ is ρ. If Q * ρ is contained in A, then it suffices to take Q ρ = Q * ρ . Otherwise there exists a point in the boundary of A * with rotation number ρ, which implies that the rotation number of the restriction of f * to one of these boundaries is ρ. But this implies that there exists a connected component K of the boundary of A which is an essential continuum, such that the prime ends rotation number of K is exactly ρ, and as the dynamics preserve a measure of full support, every point in K has the same rotation number by Proposition 2.15, in which case it suffices to take K = Q ρ .
In the following let f be an area-preserving homeomorphism of A which is isotopic to the idenity. Let f be a lift of f to A. If the rotation set of f is a singleton, then the result is obvious as every point in the annulus will have the same rotation number. If not, then by a result from Franks (see [Fra88, Fra06] ), for every rational number p/q in the interior of Rot( f ) there exists a point z p/q in A whose rotation number is p/q. Therefore it suffices to show the result for ρ in Rot( f ) which is an irrational number. We can also assume that the rotation number of each boundary of A is not ρ, otherwise we are also done.
We will consider the extension f of f to the open annulus A = T 1 × R by assuming that f (x, y) = f (x, 1)+(0, y −1) if y > 1 and f (x, y) = f (x, 0)+(0, y) if y < 0, and by choosing a compatible lift f that is also an extension of f to R 2 . We still denote f to this extension. Let (p n /q n ) n∈N be a sequence of rational points in the interior of the rotation set of f converging to ρ, and let (z n ) n∈N be a sequence of periodic points of A such that for every integer n, z n has rotation number p n /q n . We assume that (z n ) n∈N is converging, otherwise we take a subsequence, and let z be the limit of this sequence. We repeat a construction from [KT14c]. For each real number ε > 0, consider the set
where as usual B ε (z) is the ε open ball centered at z. One can show, since z is non-wandering, that U ε is an open set with finitely many connected components which are all periodic. Furthermore, the connected component of U ε that contains z cannot be contained in a topological disk, because every recurrent point in a periodic topological disk must have the same rational rotation number. As this component contains z n for any sufficiently large n, we would obtain a contradiction. This implies that the connected component O ε of U ε that contains z (and consequently B ε (z)) is essential. Since f permutes the connected components of U ε , one has that either O ε is invariant or it is disjoint from its image by f . But the later cannot happen, as it would imply that every point in O ε is wandering since O ε is essential. Therefore O ε is invariant, and as it contains B ε (z) one deduces that O ε = U ε . Finally note that, since z belongs to A and since B ε (z) ⊂ T 1 × [−ε, 1 + ε], by the construction of the extension of f one has that U ε ⊂ T 1 × [−ε, 1 + ε] and thus it separates the two ends of A .
Let U ε be the filling of U ε , that is, the union of U ε with all connected components of its complement that are bounded in A . Note that U ε is a topological open annulus, also contained in T 1 × [−ε, 1 + ε]. Note also that U ε1 ⊂ U ε2 if ε 1 < ε 2 . We will consider the set K 0 = ε∈(0,1) U ε . Now let K 0 be the filling of K 0 , and note that K 0 ⊂ A, that its complement contains only two connected components, U + which contains T 1 × (1, ∞) and U − , which contains T 1 × (−∞, 0), and both these components are topological sub-annuli of A . Lemma 6.4. Given a neighborhood W of K 0 , there exists some n 0 = n 0 (W ) such that for all n > n 0 the orbit of z n remains in W for all time.
Proof. We may assume that W is open and contained in T 1 × (−1, 2), because W ∩ (T 1 × (−1, 2)) is also a neighborhood of K 0 . Note that, if ε < 1, then T 1 × (−1, 2) C ⊂ U ε C . As W C ∩ (T 1 × [−1, 2]) is compact and as (U 1 n C ) n∈N is an increasing sequence of open sets whose union contains W C , one deduces that there must exists some n 0 > 1 such that U 1 n 0 C contains both W C ∩(T 1 ×[−1, 2]) and T 1 × (−1, 2) C . Therefore W ⊃ U 1 n 0
. Since the later set is invariant and contains z n for sufficiently large n, the result follows.
If K 0 has empty interior, then Theorem 2.8 of [Kor16] shows that the rotation number of any point in K 0 is the same, and this number must be ρ by the previous lemma and Lemma 2.16, and so we can take Q ρ = K 0 . So we can assume that the interior of K 0 is not empty. If the interior of K 0 is inessential, then every point in K 0 has the same rotation number by Proposition 2.17, and this number must be ρ by the previous lemma and Lemma 2.16, and so we can take Q ρ = K 0 . So we can assume that the interior of K 0 is essential. Therefore ∂U − is disjoint from ∂U + , and their union is ∂K 0 . We also remark that, as K 0 is contained in A, the restriction of the dynamics to K 0 is nonwandering.
Consider now first the case where z belongs to ∂K 0 . We claim that in this case, the open sub-annuli A * which is the interior of K 0 must be a Birkhoff region of instability. Let us first examine the case where z belongs to ∂U − . If by contradiction the interior of K 0 is not a Birkhoff region of instability, as the restriction of f to the interior of K 0 is nonwandering, one can find V − , V + open invariant and disjoint neighborhoods of ∂U − and ∂U + respectively. But there must exists some δ > 0 such that B δ (z) ⊂ V − and therefore U δ , and U δ , are disjoint from V + . But this contradicts the fact that ∂U + ⊂ U δ . A similar argument shows that A * is a Birkhoff region of instability if z ∈ ∂U + .
Let us consider two possibilities. First, assume that there exists an infinite subsequence (z n k ) k∈N such that, for all k, z n k does not belong to K 0 . We can assume with no loss in generality that z n k belong to U + , and this implies that z belongs to ∂U + . Note that every point in ∂U + has the same rotation number by Proposition 2.15. Further note that if W is a neighborhood of ∂U + , then there exists a neighborhood W of K 0 such that W ∩ U + = W ∩ U + and therefore for sufficiently large k one gets by Lemma 6.4 that the whole orbit of z n k is contained in W . This again implies that the rotation number of every point in ∂U + must be ρ and we can take Q ρ = ∂U + .
Assume now that for all but finitely many n ∈ N, that z n lie in K 0 . Since ∂K 0 = ∂U − ∪ ∂U + , one deduces that the rotation number of points in ∂K 0 can have at most two values, and so we can assume that all z n lie in A * . Let f be the extension of f to the prime ends compactification of A * , which is homeomorphic to A and f a lift of f which is compatible with f . Note that the rotation set of f contains p n /q n for sufficiently large n and, by being closed, must also contain ρ. By Corollary 6.3 one finds a set Q ρ in the prime ends compactification of A * . If Q ρ lies in A * , we are done, just taking Q ρ = Q ρ . If not, this implies that the prime end rotation number of f at one of the ends of A * must be ρ. In this case, one deduces, again by Proposition 2.15, that there exists a connected component Q of the boundary of A * in A such that every point in Q has rotation number ρ and we are done.
The final case we need to consider is when z belongs to A * . Again, if A * is a Brikhoff region of instability, we can repeat the same argument as in the previous paragraph. Assume then that A * is not a Birkhoff region of instability. In this case, one can find disjoint invariant neighborhoods V − and V + of the ends of A * . By eventually "filling" V − and V + with the connected components of its complement that are contained in A * , we can assume that both sets are essential open topological annuli.
We claim first that z belongs to the boundary of V − . Indeed, if by contradiction one has that z is in the interior of V − , then there exists some ε > 0 such that U ε is contained in V − , which contradicts V + ⊂ K 0 . Likewise, if z lies is in the interior of the complement of V − , then again there exists ε > 0 such that U ε is disjoint from V − , which contradicts V − ⊂ K 0 . A similar argument shows that z ∈ ∂V + . Let us then consider K = ∂V − ∪ ∂V + and let K be the union of K with the connected components of its complements that are contained in A * , and note that A * \ K = V − ∪ V + and that the interior of K is inessential, otherwise ∂V − ∩ ∂V + would be empty. Finally, note that both V − and V + are Birkhoff regions of instability, the argument here being the same as in the case where z belonged to ∂K 0 .
Since the interior of K is inessential, we know that every point in it has the same rotation set. We can therefore assume, by possibly erasing a term of the sequence, that z n does not lie in K. Therefore either infinitely many of the points z n lie in V − , or infinitely many of them lie in V + . But both V − and V + are Birkhoff regions of instability, and the same reasoning as in the case where z belonged to ∂K 0 and the z n lied in A * can be applied to deduce the result.
